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ABSTRACT
Various classical solutions to lower dimensional IKKT-like Lorentzian matrix models are examined
in their commutative limit. Poisson manifolds emerge in this limit, and their associated induced and
effective metrics are computed. Signature change is found to be a common feature of these manifolds
when quadratic and cubic terms are included in the bosonic action. In fact, a single manifold may
exhibit multiple signature changes. Regions with Lorentzian signature may serve as toy models for cos-
mological space-times, complete with cosmological singularities, occurring at the signature change. The
singularities are resolved away from the commutative limit. Toy models of open and closed cosmological
space-times are given in two and four dimensions. The four dimensional cosmologies are constructed
from non-commutative complex projective spaces, and they are found to display a rapid expansion near
the initial singularity.
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1 Introduction
Signature change is believed to be a feature of quantum gravity.[1]-[10] It has been discussed in the con-
text of string theory,[6] loop quantum gravity,[7],[10] and causal dynamical triangulation[8]. Recently,
signature change has also been shown to result from for certain solutions to matrix equations.[11],[12],[13]
These are the classical equations of motion that follow from Ishibashi, Kawai, Kitazawa and Tsuchiya
(IKKT)-type models,[14] with a Lorentzian background target metric. The signature change occurs
in the induced metrics of the continuous manifolds that emerge upon taking the commutative (or
equivalently, continuum or semi-classical) limits of the matrix model solutions. Actually, as argued by
Steinacker, the relevant metric for these emergent manifolds is not, in general, the induced metric, but
rather, it is the metric that appears upon the coupling to matter.[15] The latter is the so-called effective
metric of the emergent manifold, and it is determined from the symplectic structure that appears in the
commutative limit, as well as the induced metric. Signature changes also occur for the effective metric
of these manifolds, and in fact, they precisely coincide with the signature changes in the induced metric.
The signature changes in the induced or effective metric correspond to singularities in the curvature
tensor constructed from these metrics. The singularities are resolved away from the commutative limit,
where the description of the solution is in terms of representations of some matrix algebras.
As well as being of intrinsic interest, signature changing matrix model solutions could prove useful
for cosmology. It has been shown that toy cosmological models can be constructed for regions of the
manifolds where the metric has Lorentzian signature. These regions can represent both open and closed
cosmologies, complete with cosmological singularities which occur at the signature changes. As stated
above such singularities are resolved away from the commutative limit. Furthermore, in [13], a rapid
expansion, although not exponential, was found to occur immediately after the big bang singularity.
The previous examples of matrix models where signature change was observed include the fuzzy
sphere embedded in a three-dimensional Lorentzian background,[11] fuzzy CP 2 in an eight-dimensional
Lorentzian background,[12] and non-commutative H4 in ten-dimensional Lorentz space-time.[13] For
the purpose of examining signature changes, it is sufficient to restrict to the bosonic sector of the
matrix models. In this article we present multiple additional examples of solutions to bosonic matrix
models that exhibit signature change. We argue that signature change is actually a common feature
of solutions to IKKT-type matrix models with indefinite background metric, in particular, when mass
terms are included in the matrix model action. (Mass terms have been shown to result from an IR
regularization.[16]) In fact, a single solution can exhibit multiple signature changes. As an aside, it is
known that there are zero mean curvature surfaces in three-dimensional Minkowski space that change
from being space-like to being time-like.[17]-[21]‡ The signature changing surfaces that emerge from
solutions to the Lorentzian matrix models studied here do not have zero mean curvature.
As a warm up, we review two-dimensional solutions to the three-dimensional Lorentz matrix model,
consisting of a quartic (Yang-Mills) and a cubic term, and without a quadratic (mass) term. Known so-
lutions are non-commutative (A)dS2[22]-[26] and the non-commutative cylinder.[27],[28],[29] They lead
to a fixed signature upon taking the commutative limit. New solutions appear when the quadratic term
is included in the action. These new solutions exhibit signature change. One such solution, found previ-
ously, is the Lorentzian fuzzy sphere.[11] Others can be constructed by deforming the non-commutative
AdS2 solution. After taking the commutative limit of these matrix solutions, one finds regions of the
emergent manifolds where the metric has Lorentzian signature. In the case of the Lorentzian fuzzy
‡ We thank J. Hoppe for bringing this to our attention.
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sphere, the Lorentzian region crudely describes a two-dimensional closed cosmology, complete with an
initial and final singularity. In the case of the deformation of non-commutative (Euclidean) (A)dS2,
the Lorentzian region describes a two-dimensional open cosmology.
Natural extensions of these solutions to higher dimensions are the non-commutative complex pro-
jective spaces.[30]-[36] Since we wish to recover noncompact manifolds, as well as compact manifolds in
the commutative limit, we should consider the indefinite versions of these non-commutative spaces,[37]
as well as those constructed from compact groups. For four dimensional solutions, there are then three
such candidates: non-commutative CP 2, CP 1,1 and CP 0,2. The latter two solve an eight-dimensional
(massless) matrix model with indefinite background metric, specifically, the su(2, 1) Cartan-Killing met-
ric. These solutions give a fixed signature after taking the commutative limit. So as with the previous
examples, the massless matrix model yields no signature change. Once again, new solutions appear
when a mass term is included, and they exhibit signature change, possibly multiple signature changes.
These solutions include deformations of non-commutative CP 2, CP 1,1 and CP 0,2.§ A deformed non-
commutative CP 0,2 solution can undergo two signature changes, while a deformed non-commutative
CP 2 solution can have up to three signature changes. Upon taking the commutative limit, the deformed
non-commutative CP 1,1 and CP 0,2 solutions have regions with Lorentzian signature that describe ex-
panding open space-time cosmologies, complete with a big bang singularity occurring at the signature
change. The commutative limit of the deformed non-commutative CP 2 solution has a region with
Lorentzian signature that describes a closed space-time cosmology, complete with initial/final singu-
larities. Like the non-commutative H4 solution found in [13], these solutions display extremely rapid
expansion near the cosmological singularities. Also as in [13], the space-times emerging from the de-
formed non-commutative CP 1,1 and CP 0,2 solutions expand linearly at late times. It suggests that
these are universal properties of 4d signature changing solutions to IKKT-type matrix models.
The outline for this article is the following: In section two we review the non-commutative (A)dS2
and cylinder solutions to the (massless) three-dimensional Lorentz matrix model. We include the mass
term the matrix model action in section three, and examine the resulting signature changing matrix
model solutions. The non-commutative CP 1,1 and CP 0,2 solutions to an eight-dimensional (massless)
matrix model (in the semi-classical limit) are examined in section four. The mass term is added to the
action in section five, and there we study the resulting deformed non-commutative CP 1,1, CP 0,2 and
CP 2 solutions. In appendix A we list some properties of su(2, 1) in the defining representation. In
appendix B we review a derivation of the effective metric, and compute it for the examples of CP 1,1
and CP 0,2.
2 Three-dimensional Lorentzian matrix model
We begin by considering the bosonic sector of the three-dimensional Lorentzian matrix model with an
action consisting of a quartic (Yang-Mills) term and a cubic term:
S(X) =
1
g2
Tr
(
−1
4
[Xµ, Xν ][X
µ, Xν ] +
i
3
a µνλX
µ[Xν , Xλ]
)
(2.1)
Here Xµ, µ = 0, 1, 2, are infinite-dimensional hermitean matrices and a and g are constants. Tr denotes
a trace, indices µ, ν, λ, ... are raised and lowered with the Lorentz metric ηµν =diag(−,+,+), and the
§As stated above, we assume to the background metric to be the su(2, 1) Cartan-Killing metric. Non-commutative
CP 2, and its deformations, were shown to solve an eight-dimensional Lorentzian matrix model with a different background
metric in [12].
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totally antisymmetric symbol µνλ is defined such that 012 = 1. Extremizing the action with respect
to variations in Xµ leads to the classical equations of motion
[[Xµ, Xν ], X
ν ] + ia µνλ[X
ν , Xλ] = 0 (2.2)
The equations of motion (2.2) are invariant under:
i) unitary ‘gauge’ transformations, Xµ → UXµU†, where U is an infinite dimensional unitary matrix,
ii) 2 + 1 Lorentz transformations Xµ → LµνXν , where L is a 3× 3 Lorentz matrix, and
iii) translations in the three-dimensional Minkowski space Xµ → Xµ+ vµ1l, where 1l is the unit matrix.
Well known solutions to these equations are non-commutative (A)dS2[22]-[26] and the non-commutative
cylinder.[27],[28],[29] Both are associated with unitary irreducible representations of three-dimensional
Lie algebras. Non-commutative (A)dS2 corresponds to unitary irreducible representations of su(1, 1),
while the non-commutative cylinder corresponds to unitary irreducible representations of the two-
dimensional Euclidean algebra E2. Thus the former solution is defined by
[Xµ, Xν ] = ia µνλX
λ XµX
µ fixed , (2.3)
while the latter is
[X0, X±] = ±2aX± [X+, X−] = 0 X+X− fixed , (2.4)
where X± = X1 ± iX2. Non-commutative (A)dS2 preserves the Lorentz symmetry ii) of the equations
of motion, while the non-commutative cylinder breaks the symmetry to the two-dimensional rotation
group. Non-commutative AdS2 was recently shown to be asymptotically commutative, and the holo-
graphic principle was applied to map a scalar field theory on non-commutative AdS2 to a conformal
theory on the boundary.[26]
The commutative (or equivalently, continuum or semi-classical) limit for these two solutions is
clearly a → 0. Thus a plays the role of ~ of quantum mechanics, and for convenience we shall make
the identification a = ~ and then take the limit ~ → 0. In the limit, functions of the matrices Xµ are
replaced by functions of commutative coordinates xµ, and to lowest order in ~, commutators of functions
of Xµ are replaced by i~ times Poisson brackets of the corresponding functions of xµ, [F(X),G(X)]→
i~{F(x),G(x)}.
So in the commutative limit of the non-commutative (A)dS2 solution, (2.3) defines a two-dimensional
hyperboloid with an su(1, 1) Poisson algebra
{xµ, xν} = µνλxλ (2.5)
Two different geometries result from the two choices of sign for the Casimir in (2.3). The positive sign is
associated with non-commutative (A)dS2, while the negative sign is associated with non-commutative
Euclidean (A)dS2. We describe them below:
1. Non-commutative (A)dS2. A positive Casimir yields the constraint xµx
µ = r2 in the commutative
limit, which defines two-dimensional de Sitter (or anti-de Sitter) space, (A)dS2 (or H1,1). r in
this semi-classical solution, and the ones that follow, denotes a constant length scale, r > 0. A
global parametrization for (A)dS2 is given byx0x1
x2
 = r
 sinh τcosh τ cosσ
cosh τ sinσ
 , (2.6)
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where −∞ < τ <∞, 0 ≤ σ < 2pi. Using this parametrization we obtain the following Lorentzian
induced metric on the surface:¶
ds2 = r2 (−dτ2 + cosh2 τ dσ2) (2.7)
The Poisson brackets (2.5) are recovered upon writing
{τ, σ} = 1
r cosh τ
(2.8)
2. Non-commutative Euclidean (A)dS2. A negative Casimir yields the constraint xµx
µ = −r2 in
the commutative limit. This defines a two-sheeted hyperboloid corresponding to the Euclidean
version of de Sitter (or anti-de Sitter) space, Euclidean (A)dS2 (or H2,0). A parametrization of
the upper hyperboloid (x0 > 0) isx0x1
x2
 = r
 cosh τsinh τ cosσ
sinh τ sinσ
 , (2.9)
where again −∞ < τ <∞, 0 ≤ σ < 2pi. Now the induced metric on the surface has a Euclidean
signature
ds2 = r2 (dτ2 + sinh2 τ dσ2) (2.10)
Upon assigning the Poisson brackets
{τ, σ} = 1
r sinh τ
(2.11)
we again recover the su(1, 1) Poisson bracket algebra (2.5).
The commutative limit of the non-commutative cylinder solution (2.4) is obviously the cylinder.
The Casimir for the two-dimensional Euclidean algebra goes to (x1)2 + (x2)2 = r2, while the limiting
Poisson brackets are {x0, x1} = −2x2, {x0, x2} = 2x1, {x1, x2} = 0. A parametrization in terms of
polar coordinates x0x1
x2
 =
 τr cosσ
r sinσ
 (2.12)
yields the Lorentzian induced metric
ds2 = −dτ2 + r2dσ2 , (2.13)
and the Poisson algebra is recovered for {τ, σ} = 2.
The above solutions admit either a Euclidean or Lorentzian signature for the induced metric after
taking the commutative limit. The signature for any of these particular solution is fixed. Below we
show that the inclusion of a mass term in the action allows for solutions with signature change.
¶AdS2 and dS2 are distinguished by the definition of the time-like direction on the manifold. For the former, the time
parameter corresponds to σ, and for the latter, it is τ .
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3 Inclusion of a mass term in the 3d matrix model
We next add a quadratic contribution to the three-dimensional Lorentzian matrix model action (2.1):
S(X) =
1
g2
Tr
(
−1
4
[Xµ, Xν ][X
µ, Xν ] +
i
3
a µνλX
µ[Xν , Xλ] +
b
2
XµXµ
)
(3.1)
As stated in the introduction, quadratic terms have been shown to result from an IR regularization.[16]
The equations of motion resulting from variations of Xµ are now
[[Xµ, Xν ], X
ν ] + iaµνλ[X
ν , Xλ] + bXµ = 0 (3.2)
As in this article we shall only be concerned with solutions in the commutative limit, ~ → 0, we may
as well take the the limit of these equations. In order for the cubic and quadratic terms to contribute
in the commutative limit we need that a and b vanish in the limit according to
a→ ~α b→ ~2β , (3.3)
where α and β are nonvanishing and finite. The equations (3.2) reduce to
−{{xµ, xν}, xν} − αµνλ{xν , xλ}+ βxµ = 0 (3.4)
The AdS2 and Euclidean AdS2 solutions, which are associated with the su(1, 1) Poisson algebra
(2.5), survive when the mass term is included provided that the constants α and β are constrained by
β = 2(1− α) (3.5)
In the limit where the mass term vanishes, β = 0 and α = 1, we recover the solutions of the previous
section. On the other hand, the non-commutative cylinder only solves the equations in the limit of zero
mass β → 0.
The mass term allows for new solutions, which have no β → 0 limit. One such solution is the fuzzy
sphere embedded in the three-dimensional Lorentzian background, which was examined in [11]. In the
commutative limit it is defined by
(x0)2 + (x1)2 + (x2)2 = r2
{x0, x1} = x2 {x1, x2} = x0 {x2, x0} = x1 (3.6)
These Poisson brackets solve the Lorentzian equations (3.4) provided that α = − 12 and β = −1. The
solution obviously does not preserve the Lorentz symmetry ii) of the equations of motion. One can
introduce a spherical coordinate parametrizationx0x1
x2
 = r
 cos θsin θ cosφ
sin θ sinφ
 (3.7)
0 ≤ φ < 2pi, 0 < θ < pi. Then the Poisson brackets in (3.6) are recovered for {θ, φ} = 1r csc θ. The
induced invariant length which one computes from the Lorentzian background, ds2 = dxµdxµ, does not
give the usual metric for a sphere. Instead one finds
ds2 = r2
(
cos 2θ dθ2 + sin2 θ dφ2
)
(3.8)
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In addition to the coordinate singularities at the poles, there are singularities in the metric at the
latitudes θ = pi4 and
3pi
4 . The Ricci scalar is divergent at these latitudes. The metric tensor has a
Euclidean signature for 0 < θ < pi4 and
3pi
4 < θ < pi, and a Lorentzian signature for
pi
4 < θ <
3pi
4 .
The regions are illustrated in figure 1. The Lorentzian regions of the fuzzy sphere solutions have
both an initial and a final singularity and crudely describe a two-dimensional closed cosmology. The
singularities are resolved away from the commutative limit, where the fuzzy sphere is expressed in terms
of N ×N hermitean matrices. Axially symmetric deformations of the fuzzy sphere are also solutions to
the Lorentzian matrix model.[11]
Other sets of solutions to the Lorentzian matrix model which have no β → 0 limit are deformations
of the non-commutative AdS2 and Euclidean AdS2 solutions. Like the fuzzy sphere solution, they break
the Lorentz symmetry ii) of the equations of motion, but preserve spatial rotational invariance. Again,
we shall only be concerned with the commutative limit of these solutions.
1. Deformed non-commutative AdS2. Here we replace (2.6) byx0x1
x2
 = r
 sinh τρ cosh τ cosσ
ρ cosh τ sinσ
 (3.9)
ρ > 0 is the deformation parameter. We again assume the Poisson bracket (2.8) between τ and
σ. Substituting (3.9) into (3.4) gives β = 2ρ2(1 − α) = 1 + ρ2 − 2α. It is solved by the previous
undeformed AdS2 solution, ρ2 = 1 with (3.5), along with new solutions which allow for arbitrary
ρ > 0, provided that
α =
1
2
β = ρ2 (3.10)
Using the parametrization (3.9), the induced invariant interval on the surface is now
ds2 = r2 cosh2 τ
(
(−1 + ρ2 tanh2 τ) dτ2 + ρ2 dσ2
)
(3.11)
For ρ2 > 1 the induced metric tensor possesses space-time singularities at τ = τ± = ± tanh−1 | 1ρ |,
which are associated with two signature changes. For τ > τ+ and τ < τ− the signature of
the induced metric is Euclidean, while for τ− < τ < τ+ the signature of the induced metric is
Lorentzian. Figure 2 is a plot of deformed AdS2 in the three-dimensional embedding space for
r = 1, ρ = 1.15.
2. Deformed non-commutative Euclidean AdS2. We now deform the upper hyperboloid given in
(2.9) to x0x1
x2
 = r
 cosh τρ sinh τ cosσ
ρ sinh τ sinσ
 , (3.12)
while retaining the Poisson bracket (2.11) between τ and σ. ρ again denotes the deformation
parameter. (3.12) with ρ 6= 0 is a solution to (3.4) provided that the relations (3.10) again hold.
The induced invariant interval on the surface is now
ds2 = r2 sinh2 τ
(
(ρ2 coth2 τ − 1) dτ2 + ρ2 dσ2
)
(3.13)
For ρ2 < 1 there is a singularity at τ = τ+ = tanh
−1 |ρ| which is associated with a signature
change. For τ < τ+ the signature of the induced metric is Euclidean, while for τ > τ+ the
signature of the induced metric is Lorentzian. Figure 3 gives a plot of deformed hyperboloid in
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the three-dimensional embedding space for r = 1, ρ = .85. The deformed Euclidean AdS2 solution
has only an initial (big bang) singularity that appears in the commutative limit, and so, crudely
speaking, the Lorentzian region describes an open two-dimensional cosmology. The singularity is
resolved away from the commutative limit.
4 CP 1,1 and CP 0,2 solutions
Concerning the generalization to four dimensions, a natural approach would be to examine non-
commutative CP 2.[30]-[36] Actually, if we wish to recover noncompact manifolds in the commutative
limit we should consider the indefinite versions of non-commutative CP 2; non-commutative CP 1,1 and
CP 0,2. In this section we show that non-commutative CP 1,1 and CP 0,2 are solutions to an eight-
dimensional matrix model with an indefinite background metric. As with our earlier result, we find
no signature change in the absence of a mass term in the action. A mass term will be included in the
following section. Here, we begin with some general properties of non-commutative CP 1,1 and CP 0,2
in the semi-classical limit, and then construct an eight-dimensional matrix model for which they are
solutions.
4.1 Properties
Non-commutative CP p,q was studied in [37]. Here we shall only be interested in its semi-classical limit.
CP p,q are hyperboloids H2q,2p+1 mod S1. They can be defined in terms of p+q+1 complex embedding
coordinates zi, i = 1, ..., p+ q + 1, satisfying the H
2q,2p+1 constraint
p+1∑
i=1
z∗i zi −
p+q+1∑
i=p+2
z∗i zi = 1 , (4.1)
along with the identification
zi ∼ eiβzi (4.2)
CP p,q can equivalently be defined as the coset space SU(p+ 1, q)/U(p, q). For the semi-classical limit
of non-commutative CP p,q we must also introduce a compatible Poisson structure. For this we take
{zi, z∗j } =
{
−iδij , if i, j = 1, ..., p+ 1;
iδij , if i, j = p+ 2, ..., p+ q + 1
, (4.3)
while all other Poisson brackets amongst zi and z
∗
i vanish. Then one can regard (4.1) as the first class
constraint that generates the phase equivalence (4.2).
In specializing to CP 1,1 and CP 0,2, it is convenient to introduce the metric ηC =diag(1, 1,−1)
on the three-dimensional complex space spanned by zi, i = 1, 2, 3. Then writing z
i = (ηC)ijzj , the
constraint (4.1) for CP 1,1 becomes
ziz∗i = 1 , (4.4)
while for CP 0,2 the constraint can be written as
ziz∗i = −1 (4.5)
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Figure 1: Commutative limit of the Lorentzian fuzzy sphere. Singularities in the metric appear at θ = pi4
and 3pi4 , and the signature of the metric changes at these latitudes. These latitudes are associated with
singularities in the Ricci scalar. The metric tensor has a Euclidean signature for 0 < θ < pi4 and
3pi
4 <
θ < pi (red regions), and Lorentzian signature for pi4 < θ <
3pi
4 (green region).
Figure 2: Deformed AdS2 solution with r = 1, ρ = 1.15. The space-time singularities occur at τ = τ± =
± tanh−1 | 1ρ |. The green region has Lorentzian signature and the red region has Euclidean signature.
-2
0
2
-2 0 2
1
2
3
Figure 3: Deformed Euclidean AdS2 solution with r = 1, ρ = .85. A space-time singularity occurs
at τ = τ+ = tanh
−1 |ρ|. The green region has Lorentzian signature and the red region has Euclidean
signature.
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For both cases, the Poisson brackets (4.3) become
{zi, z∗j } = −iδij {zi, zj} = {z∗i , z∗j } = 0 (4.6)
CP 1,1 and CP 0,2 can also be described in terms of orbits on SU(2, 1). Below we review some
properties of the Lie algebra su(2, 1). One can write down the defining representation for su(2, 1) in
terms of traceless 3× 3 matrices, λ˜a, a = 1, 2, ..., 8, which are analogous to the Gell-Mann matrices λa
spanning su(3). We denote matrix elements by [λ˜a]
i
j , i, j, .. = 1, 2, 3. Unlike su(3) Gell-Mann matrices,
λ˜a are not all hermitean, but instead, satisfy
λ˜aη
C = ηC λ˜†a (4.7)
They are given in terms of the standard Gell-Mann matrices in Appendix A. The commutation relations
for λ˜a are
[λ˜a, λ˜b] = 2if˜abcλ˜
c , (4.8)
where indices a, b, c... are raised and lowered using the Cartan-Killing metric on the eight-dimensional
space
η = diag(1, 1, 1,−1,−1,−1,−1, 1) (4.9)
f˜abc for su(2, 1) are totally antisymmetric. Their values, along with some properties of su(2, 1), are
given in Appendix A.
CP 0,2 is the coset space SU(2, 1)/U(2). Using the conventions of Appendix A, it is spanned by
adjoint orbits in su(2, 1) through λ˜8, and consists of elements gλ˜8g
−1, g ∈ SU(2, 1). The little
group of λ˜8 is U(2), which is generated by λ˜1, λ˜2, λ˜3, λ˜8. On the other hand, CP
1,1 is the coset
space SU(2, 1)/U(1, 1). It is corresponds to orbits through
Λ˜8 =
1√
3
−2 1
1
 = −√3
2
λ˜3 − 1
2
λ˜8 , (4.10)
CP 1,1 = {gΛ˜8g−1, g ∈ SU(2, 1)}. The little group of Λ˜8 is U(1, 1), which is generated by Λ˜8, λ˜6, λ˜7, Λ˜3 = 1
−1
 = − 12 λ˜3 + √32 λ˜8.
Next, we can construct eight real coordinates xa from zi and z∗i using
xa = z∗i [λ˜
a]ijz
j , (4.11)
They are invariant under the phase transformation (4.2), and span a four dimensional manifold. Using
(A.6), the constraints on the coordinates are
xaxa =
4
3
d˜abcx
bxc = ±2
3
xa , (4.12)
where one takes the upper sign in the second equation for CP 1,1 and the lower sign for CP 0,2. d˜abc
is totally symmetric; the values are given in Appendix A. From (4.6), xa satisfy an su(2, 1) Poisson
bracket algebra
{xa, xb} = 2f˜abcxc (4.13)
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4.2 Eight-dimensional matrix model
It is now easy to construct an eight-dimensional ‘IKKT’-type matrix model for which (4.13) is a solution,
at least in the commutative limit. As before we only consider the bosonic sector, spanned by eight
infinite-dimensional hermitean matrices Xa, with indices raised and lowered with the indefinite flat
metric ηab. In analogy with the three-dimensional model in (2.1), take the action to consist of a quartic
term and a cubic term:
S(X) =
1
g2
Tr
(
−1
4
[Xa, Xb][X
a, Xb] +
i
3
a f˜abcX
a[Xb, Xc]
)
(4.14)
The cubic term appears ad hoc, and we remark that it is actually unnecessary for the purpose of finding
solutions when a quadratic term is introduced instead. We consider quadratic terms in section five. On
the other hand, the cubic term leads to a richer structure for the space of solutions and it is for that
reason we shall consider it.
The equations of motion following from (4.14) are
[[Xa, Xb], X
b] + ia f˜abc[X
b, Xc] = 0 (4.15)
They are invariant under unitary ‘gauge’ transformations, SU(2, 1) transformations and translations.
Assuming that the constant a behaves as in (3.3) in the commutative limit, leads to
−{{xa, xb}, xb} − αf˜abc{xb, xc} = 0 (4.16)
The Poisson brackets (4.13) solve these equations for α = 2. They describe a CP 1,1 or CP 0,2 solution,
the choice depending on the sign in the second constraint in (4.12).
For either solution, we can project the eight-dimensional flat metric η down to the surface z¯z =
z∗i z
i = ±1 , in order to obtain the induced metric. Once again, i = 1, 2, 3. Using the Fierz identity
(A.6), we get
ds2 = dxadxa = 4
(
(z¯z)(dz¯dz)− |z¯dz|2
)
, (4.17)
where z¯dz = z∗i dz
i, dz¯dz = dz∗i dz
i and we have used d(z¯z) = 0. (4.17) is the Fubini-Study metric
written on a noncompact space.
We next examine the induced metric tensor on a local coordinate patch. We choose the local
coordinates (ζ1, ζ2), defined by
ζ1 =
z1
z3
ζ2 =
z2
z3
, z3 6= 0 , (4.18)
along with their complex conjugates. These coordinates respect the equivalence relation (4.2). In the
language of constrained Hamilton formalism, they are first class variables. From their definition it
follows that |ζ1|2 + |ζ2|2 − 1 = ±|z3|−2 and z¯dz = |z3|2
(
ζ∗1dζ1 + ζ
∗
2dζ2
)
± d log z3, where the upper
[lower] sign applies for CP 1,1 [CP 0,2]. Substituting into (4.17) gives the induced metric tensor on the
coordinate patch
1
4
ds2 =
1
2
g
ζuζ∗v
dζudζ
∗
v =
|dζ1|2 + |dζ2|2
|ζ1|2 + |ζ2|2 − 1 −
|ζ∗1dζ1 + ζ∗2dζ2|2
(|ζ1|2 + |ζ2|2 − 1)2 (4.19)
It has the same form for both CP 1,1 and CP 0,2. Because |ζ1|2 + |ζ2|2 − 1 < 0 for the latter, CP 0,2 has
Euclidean signature. The Poisson brackets (4.6) can be projected down to the local coordinate patch
as well. The result is
{ζu, ζ∗v} = ±i(|ζ1|2 + |ζ2|2 − 1)(ζuζ∗v − δuv)
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{ζu, ζv} = {ζ∗u, ζ∗v} = 0 , u, v = 1, 2 (4.20)
Once again, the upper [lower] sign applies for CP 1,1 [CP 0,2]. The resulting symplectic two-form is
Ka¨hler:
Ω = ∓ i
2
g
ζuζ∗v
dζu ∧ dζ∗v (4.21)
Next we re-write the induced metric and symplectic two-form using three Euler-like angles (θ, φ, ψ),
0 ≤ θ < pi, 0 ≤ φ < 2pi, 0 ≤ ψ < 4pi, along with one real variable τ , −∞ < τ <∞. We treat CP 1,1 and
CP 0,2 separately:
1. CP 1,1 . Now write
ζ1 = e
i(ψ+φ)/2 coth τ cos
θ
2
ζ2 = e
i(ψ−φ)/2 coth τ sin
θ
2
, (4.22)
which is consistent with the requirement that |ζ1|2 + |ζ2|2 − 1 > 0. The induced metic in these
coordinates has the Taub-NUT form (which was also true for the CP 2 solution[12])
ds2 = gττ dτ
2 + gθθ (dθ
2 + sin2 θdφ2) + gψψ (dψ + cos θdφ)
2 (4.23)
We get
gττ = −4 gθθ = cosh2 τ gψψ = − cosh2 τ sinh2 τ , (4.24)
with the other nonvanishing components of the induced metric being gφφ = gψψ cos
2 θ+gθθ sin
2 θ
and gψφ = gψψ cos θ. The result indicates that there are two space-like directions and two time-like
directions. The symplectic two-form in terms of these coordinates is
Ω
CP1,1
= − sinh τ cosh τ dτ ∧ (dψ + cos θ dφ) + 1
2
cosh2 τ sin θ dθ ∧ dφ
= −1
2
d
(
cosh2 τ (dψ + cos θ dφ)
)
(4.25)
2. CP 0,2 . Here choose
ζ1 = e
i(ψ+φ)/2 tanh τ cos
θ
2
ζ2 = e
i(ψ−φ)/2 tanh τ sin
θ
2
, (4.26)
which is consistent with the inequality |ζ1|2 + |ζ2|2 − 1 < 0. The resulting induced metric again
has the Taub-NUT form (4.23). In contrasting with (4.24), results differ for the gθθ component
gττ = −4 gθθ = − sinh2 τ gψψ = − cosh2 τ sinh2 τ , (4.27)
where again gφφ = gψψ cos
2 θ + gθθ sin
2 θ and gψφ = gψψ cos θ. The induced metric now has a
Euclidean signature, and the symplectic two-form is
Ω
CP0,2
= − sinh τ cosh τ dτ ∧ (dψ + cos θ dφ) + 1
2
sinh2 τ sin θ dθ ∧ dφ
= −1
2
d
(
sinh2 τ (dψ + cos θ dφ)
)
(4.28)
Both metric tensors (4.24) and (4.27) [including the corresponding results for gφφ and gψφ] describing
CP 1,1, and CP 0,2, respectively, are solutions to the sourceless Einstein equations with cosmological
12
constant Λ = 32 .
‖ Obviously, the metric tensors don’t exhibit signature change. In both cases, the sign
of the determinant of the metric tensor, det g = gττ gψψ (gθθ sin θ)
2, is positive (away from coordinate
singularities).
The above discussion utilized the induced metric tensor. However, the relevant metric in the semi-
classical limit for a matrix model solution is not, in general, the induced metric, but rather, it is the
metric that appears in the coupling to matter.[15] This is the so-called ‘effective’ metric tensor, which
we here denote by γµν . It can be determined from the induced metric gµν and the symplectric matrix
Θµν using √
|det γ| γµν = 1√|det Θ| [ΘT gΘ]µν (4.29)
It follows that |det γ| = |det g|, and we can use this identification to determine the effective metric from
the induced metric. We review a derivation of (4.29) in Appendix B. In two dimensions, it is known
that the effective metric is identical to the induced metric, γµν = gµν .[38] This is also the case for the
CP 1,1 and CP 0,2 solutions, as is shown in Appendix B, and so all the previous results that followed
from the induced metric also apply for the effective metric. On the other hand, for the solutions of
the next section, in addition to finding signature change, we find that the effective metric and induced
metric for any particular emergent manifold are in general distinct.
5 Inclusion of a mass term in the 8d matrix model
In analogy to section three, we now add a mass term to the matrix model action (4.14),
S(X) =
1
g2
Tr
(
−1
4
[Xa, Xb][X
a, Xb] +
i
3
a f˜abcX
a[Xb, Xc] + 6b˜ XaX
a
)
(5.1)
The matrix equations of motion become
[[Xa, Xb], X
b] + iaf˜abc[X
b, Xc] + 12b˜ Xa = 0 , (5.2)
In the semi-classical limit ~→ 0, we take a→ ~α, along with b˜→ ~2β˜. Then (5.2) goes to
−{{xa, xb}, xb} − αf˜abc{xb, xc}+ 12β˜xa = 0 , (5.3)
These equations are solved by (4.13) for
α = 2(1 + β˜) (5.4)
Thus CP 1,1 and CP 0,2 are solutions to the massive matrix model. In the limit where the mass term
vanishes, β˜ = 0 and α = 2, we recover the solutions of the previous section. CP 1,1 and CP 0,2 solutions
also persist in the absence of the cubic term in the matrix model action (5.1). For this we need α = 0
and β˜ = −1. The mass term allows for other solutions which have no β → 0 limit. Among these
solutions are the deformations of CP 1,1 and CP 0,2, as well as deformations of CP 2, which we discuss
in the following subsections.
‖ CP 2 is also a solution to the sourceless Einstein equations with cosmological constant Λ = 3
2
.[12]
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5.1 Deformations of CP 1,1 and CP 0,2
For deformations of CP 1,1 and CP 0,2 we modify the ansatz (4.11) to
x1−3 = µ z∗i [λ˜1−3]
i
jz
j
x4−7 = z∗i [λ˜4−7]
i
jz
j
x8 = ν z
∗
i [λ˜8]
i
jz
j , (5.5)
where µ and ν are deformation parameters, which we shall restrict to be real. This is a solution to the
equations (5.3) provided that the following relations hold amongst the parameters:
(2µ− α)
(
µ2 +
1
2
)
+ 3µβ˜ = 0
µ2 + ν2 + 2− α(µ+ ν) + 4β˜ = 0
2ν − α+ 2νβ˜ = 0 (5.6)
These relations reduce to (5.4) when µ = ν = 1, and so we recover undeformed CP 1,1 and CP 0,2 in this
limit. For generic values of the parameters, there are nontrivial solutions to these algebraic relations,
which can be expressed as functions of the mass parameter β˜. For a particular choice of signs:
α = 2µ
β˜2 − β˜ − 1− γ[β˜]
2β˜ + 1
µ =
√
β˜3 − 4β˜2 − 6β˜ + β˜γ[β˜]− 2
2(β˜2 + 4β˜ + 2)
ν =
α
2(1 + β˜)
, (5.7)
where
γ[β˜] =
√
β˜4 − 12β˜3 − 22β˜2 − 12β˜ − 2 (5.8)
Upon requiring γ[β˜] to be real, we obtain three disconnected intervals i− iii) in β˜:
i) β˜ ≤ 1
2
(
6− 3
√
6−
√
98 + 40
√
6
)
≈ −0.746
ii)
1
2
(
6− 3
√
6 +
√
98 + 40
√
6
)
≈ −0.603 ≤ β˜ ≤ 1
2
(
6 + 3
√
6−
√
98 + 40
√
6
)
≈ −0.325
iii)
1
2
(
6 + 3
√
6 +
√
98 + 40
√
6
)
≈ 13.67 ≤ β˜ (5.9)
We further restrict µ to be real. (Reality of α and ν then follows.) For solution (5.7), this reduces the
acceptable regions in β˜ to
i′) − 3.414 . β˜ . −0.746 , ii′) − 0.603 . β˜ . −0.586 , iii) 13.67 . β˜ (5.10)
When β˜ = −.6 , we recover the undeformed case µ = ν = 1 (along with α = .8) . Therefore, matrix
solutions in the range ii′) can be regarded as continuous deformations of the undeformed solutions,
while those in the ranges i′) and iii) cannot be continuously connected to the undeformed solutions.
In addition to the family of solutions given in (5.7) and (5.8), the equations (5.6) have the simple
solution:
α = ν = 0 β˜ = −3
5
µ2 =
2
5
(5.11)
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It is a solution for the case where the cubic term in the matrix model action (5.1) is absent. From (5.5),
ν = 0 implies that the projection of the solution along the 8th-direction vanishes, x8 = 0. This solution
is not contained in (5.7) and (5.8).
The ansatz (5.5) for µ and ν not both equal to one, leads to two types of solutions:
1. Deformed CP 1,1, where the complex coordinates zi satisfy the constraint (4.4), and
2. Deformed CP 0,2, where the complex coordinates zi satisfy (4.5).
We next compute the induced metric for these two types of solutions.
5.1.1 Induced metric
The induced metric is again computed by projecting the eight-dimensional flat metric (4.9) onto the
surface. From the ansatz (5.5) we get
ds2 = dxadxa = 4(|z1|2 + |z2|2 − |z3|2)(|dz1|2 + |dz2|2 − |dz3|2)− 4|z∗1dz1 + z∗2dz2 − z∗3dz3|2
+ 4(µ2 − 1)(|z1|2 + |z2|2)(|dz1|2 + |dz2|2) + (µ2 − 1)(z∗1dz1 + z∗2dz2 − z1dz∗1 − z2dz∗2)2
+
1
3
(ν2 − 1)(z∗1dz1 + z∗2dz2 + 2z∗3dz3 + z1dz∗1 + z2dz∗2 + 2z3dz∗3)2
(5.12)
We have not yet specialized to the two cases 1. and 2.
The result (5.12) can be rewritten in terms of the local coordinates (ζ1, ζ2), defined in (4.18),
according to
ds2 = 4|z3|2
(
−|z3|2|Ξ|2 ± (|dζ1|2 + |dζ2|2)
)
+ 4(µ2 − 1)(|z3|2 ± 1)
(
(1± |z3|−2)|dz3|2 + |z3|2(|dζ1|2 + |dζ2|2) + Ξ z3dz∗3 + Ξ∗z∗3dz3
)
+ (µ2 − 1)
(
|z3|2(Ξ− Ξ∗) + (1± |z3|−2)(z∗3dz3 − z3dz∗3)
)2
+ (ν2 − 1)
(
d|z3|2
)2
,
(5.13)
where Ξ = ζ∗1dζ1 + ζ
∗
2dζ2 and we have used |ζ1|2 + |ζ2|2 = 1± |z3|−2. The upper [lower] sign applies for
deformed CP 1,1 [CP 0,2]. The expression (5.13) simplifies after making the gauge choice that z3 is real,
which we shall do below.
The signature of the induced metric becomes more evident after expressing it in terms of the three
Euler-like angles θ, φ, ψ, along with parameter τ spanning R+, as we did in section four for the unde-
formed metrics. For this we now specialize to the two cases: 1. deformed CP 1,1 and 2. deformed CP 0,2
.
1. Deformed CP 1,1 .
For this case we can apply coordinate transformation (4.22). Upon making the phase choice
z3 = sinh τ , (5.13) can be written in the Taub-NUT form (4.23), where the metric components
are now
gττ = 4
(
(µ2 + ν2 − 2) cosh2 τ sinh2 τ − 1
)
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Figure 4: Signature changes in the induced metric gµν and effective metric γµν for deformed CP
1,1 are
given in plots of |τ | versus β˜ for in the three disconnected regions: i′) − 3.414 . β˜ . −0.746 (subfigure
a), ii′) − 0.603 . β˜ . −0.586 (subfigure b) and iii) 13.67 . β˜ (subfigure c). A sign change in gθθ
or γθθ is indicated by the green curves. Sign change in gττ or γψψ is indicated by the red curves.
gθθ = cosh
2 τ (µ2 cosh2 τ − sinh2 τ)
gψψ = − cosh2 τ sinh2 τ (5.14)
The remaining nonvanishing components of the induced metric are again obtained from gφφ =
gψψ cos
2 θ + gθθ sin
2 θ and gψφ = gψψ cos θ. The undeformed CP
1,1 induced metric tensor in
(4.24) is recovered from (5.14) upon setting µ = ν = 1. This limit thus corresponds to there
being two space-like directions and two time-like directions, with sign(gττ , gθθ) = (−,+) and
det g > 0 (away from coordinate singularities). The same two space-like directions and two time-
like directions appear in the limit |τ | → 0. Signature change can occur when we go away from
either of these two limits, as we describe below:
For the solutions given by (5.7) and (5.8), given some value of β˜ (6= −1,−.6) in the regions i′,
ii′) and iii), the sign of either gττ or gθθ changes at some value of |τ |. We plot the values of |τ |
versus β˜ for which this occurs in figure 4. gττ changes sign when (µ
2 + ν2− 2) sinh2 τ cosh2 τ = 1
(indicated by the red curves in figure 4). gθθ changes sign when tanh
2 τ = µ2 (indicated by the
green curves in figure 4). Above the red curves, sign (gττ , gθθ) = (+,+) and det g < 0 and so
the induced metric has Lorentzian signature in this region. In this case, the time-like direction
corresponds to dψ + cos θdφ. It corresponds to a space-time with closed time-like curves. Above
the green curves, sign(gττ , gθθ) = (−,−), while det g > 0. In this case, the induced metric space
has a Euclidean signature.
For the solution (5.11), a sign change in gθθ occurs at tanh
2 τ = 25 , and the induced metric has a
Euclidean signature for tanh2 τ > 25 .
2. Deformed CP 0,2 .
Here we apply the coordinate transformation (4.26) to (5.13), along with the phase choice z3 =
cosh τ . The induced invariant interval again takes the Taub-NUT form (4.23), with the matrix
elements now being
gττ = 4
(
(µ2 + ν2 − 2) cosh2 τ sinh2 τ − 1
)
16
gθθ = sinh
2 τ
(
µ2 sinh2 τ − cosh2 τ
)
gψψ = − cosh2 τ sinh2 τ , (5.15)
and gφφ = gψψ cos
2 θ+gθθ sin
2 θ and gψφ = gψψ cos θ. Only the results for gθθ differ in expressions
(5.14) and (5.15). The latter reduce to that of undeformed CP 0,2, (4.27), when µ = ν = 1. For
that limit, as well as for |τ | → 0, sign(gττ , gθθ) = (−,−) and det g > 0 (away from coordinate
singularities). In this case, the induced metric has a Euclidean signature. As with deformed
CP 1,1, signature change can occur when we go away from these limits, as we describe below:
For the solutions given by (5.7) and (5.8), we find that for any fixed value of β˜ in the regions i′),
ii′) and iii), either a sign change occurs for both gττ and gθθ, or there is no signature change. We
plot the signature changes for deformed CP 0,2 in figure 5. gθθ changes sign when coth
2 τ = µ2
(indicated by the green curves in figure 5). gττ changes sign when (µ
2 +ν2−2) sinh2 τ cosh2 τ = 1
(indicated by the red curves in figure 5). We find that there are no sign changes in the induced
metric for −1 < β˜ . −0.746 and −0.603 . β˜ ≤ −.6. So for these sub-regions, the signature
of the induced metric remains Euclidean for all τ . For the complementary sub-regions, a sign
change occurs in gττ , say at |τ | = |τ1|, and gθθ, at a later |τ |, say |τ2|, i.e., |τ2| > |τ1|. For
|τ | > |τ2|, sign(gττ , gθθ) = (+,+), and so the induced metric has a Lorentzian signature in this
case. The time-like direction corresponds to dψ + cos θdφ, once again corresponding to a space-
time with closed time-like curves. For the intermediate interval in |τ | where |τ1| < |τ | < |τ2|, we
get sign(gττ , gθθ) = (+,−). In this case, the induced metric has a Lorentzian signature, with τ
defining the time-like direction. Any τ−slice is topologically a three-sphere, since from (4.26),
|ζ1|2 + |ζ2|2 = tanh2 τ (5.16)
Restricting to positive τ , the interval τ1 < τ < τ2 has an initial singularity at τ1, and final
singularity at τ2. Therefore, although not very realistic, it describes a closed space-time cosmology.
No signature change in the induced metric results from the solution (5.11).
We remark that while the induced metrics for the two solutions 1. and 2. are modified from
their undeformed counterparts, their Poisson brackets, and corresponding symplectic two-forms, are
unchanged. That is, for deformed CP 1,1 the symplectic two-form is (4.25) and for deformed CP 0,2
symplectic two-form is (4.28). This is relevant for the computation of the effective metric, which we do
in the following subsection.
5.1.2 Effective metric
In section four we found that the induced metric gµν and effective metric γµν for undeformed CP
1,1
and CP 0,2 are identical. The same result does not hold for the corresponding deformed solutions, as we
show below. Furthermore, more realistic cosmologies follow from the effective metric of the deformed
CP 1,1 and CP 0,2 solutions.
1. Deformed CP 1,1 . To compute the effective metric we need the symplectic matrix, as well as
the induced metric. For the deformed, as well as undeformed, CP 1,1 solutions, the nonvanishing
components of the inverse symplectic matrix are given in (B.4), while the induced metric for
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Figure 5: Signature changes in the induced metric gµν and effective metric γµν for deformed CP
0,2 are
given in plots of |τ | versus β˜ for in the three disconnected regions: i′) − 3.414 . β˜ . −0.746 (subfigure
a), ii′) − 0.603 . β˜ . −0.586 (subfigure b) and iii) 13.67 . β˜ (subfigure c). A sign change
in gθθ or γθθ is indicated by the green curves. A sign change in gττ or γψψ is indicated by the red
curves. No sign changes occur in either the induced metric or effective metric for −1 < β˜ . −0.746 and
−0.603 . β˜ ≤ −.6 .
deformed CP 1,1 is given by (5.14). In addition, |det Θ| is given in (B.5), while |det γ| gets
deformed, such that
|det γ|| det Θ| = 4|gττ | (µ2 cosh2 τ − sinh2 τ)2 , (5.17)
with gττ given in (5.14). As a result, the nonvanishing components of the effective metric tensor
are given by
γττ√|det γ||det Θ| = −1
γθθ√|det γ||det Θ| = 14(µ2 − tanh2 τ)
γψψ√|det γ||det Θ| = − 14(sech2τ csch2τ + 2− µ2 − ν2) , (5.18)
in addition to γφφ = γψψ cos
2 θ + γθθ sin
2 θ and γψφ = γψψ cos θ. The results again agree with
the undeformed induced metric (4.24) in the µ = ν = 1 limit. This limit has two space-like
directions and two time-like directions, with sign(γψψ, γθθ) = (−,+) and det γ > 0 (away from
coordinate singularities). Signature changes occur in the effective metric for the same values of
the parameters at which the signature changes occur for the induced metric.
For the solutions given by (5.7) and (5.8), signature changes are again given in figure 4. A sign
change in γθθ [as with gθθ] appears when tanh
2 τ = µ2 (indicated by the green curves in figure 4).
The effective metric has a Euclidean signature above the green curves. A sign change in γψψ [as
with gττ ] appears when (µ
2 + ν2− 2) sinh2 τ cosh2 τ = 1 (indicated by the red curves in figure 4).
Above the red curves, the signature of the effective metric is Lorentzian, det γ < 0, and τ is the
time-like direction. A τ−slice again defines a three-sphere, since from (4.22),
|ζ1|2 + |ζ2|2 = coth2 τ (5.19)
Restricting to positive τ , this region with Lorentzian signature has an initial singularity, and there-
fore, and it describes an open space-time. We shall see in the next subsection that it corresponds
to an expanding cosmology.
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For the solution (5.11), a sign change in γθθ occurs at tanh
2 τ = 25 , and the effective metric has a
Euclidean signature for tanh2 τ > 25 . There are no regions with Lorentzian signature in this case.
2. Deformed CP 0,2 . We repeat the above calculation to get the effective metric γµν for deformed
CP 0,2 . The inverse symplectic matrix is the same as for undeformed CP 0,2 , with nonvanishing
components (B.7). The induced metric for deformed CP 0,2 is given in (5.15). Using the result for
|det Θ| in (B.8), we now get
|det γ|| det Θ| = 4|gττ | (µ2 sinh2 τ − cosh2 τ)2 , (5.20)
with gττ given in (5.15). Now the nonvanishing components of the effective metric tensor are
found to be
γττ√|det γ|| det Θ| = −1
γθθ√|det γ|| det Θ| = 14(µ2 − coth2τ)
γψψ√|det γ|| det Θ| = 14(µ2 + ν2 − 2− 4 csch22τ) , (5.21)
again with γφφ = γψψ cos
2 θ + γθθ sin
2 θ and γψφ = γψψ cos θ. The results reduce to the unde-
formed induced metric (4.27) in the limit µ = ν = 1, describing a space with Euclidean signature.
For the solution given by (5.7) and (5.8), signature changes in the effective metric occur at the
same values of the parameters as the signature changes for the induced metric, which are indicated
in figure 5. γθθ [like gθθ] changes sign when coth
2τ = µ2 (indicated by the green curves in figure
5). γψψ [like gττ ] changes sign when (µ
2 + ν2− 2) sinh2 τ cosh2 τ = 1 (indicated by the red curves
in figure 5). As seen in the figure, given any fixed value of β˜ in the regions i′) , ii′) and iii),
either a sign change occurs in both γψψ and γθθ, or there is no signature change. No sign changes
in the effective metric for −1 < β˜ . −0.746 and −0.603 . β˜ ≤ −.6. So for these sub-regions
the signature of the induced metric remains Euclidean. For the complementary regions, a sign
change occurs in γψψ at |τ | = |τ1| and γθθ at and |τ | = |τ2|, with |τ2| > |τ1|. In the intermediate
region |τ1| < |τ | < |τ2|, sign(γψψ, γθθ) = (+,−). Here the effective metric has a Lorentzian
signature, but unlike what happens with the induced metric, dψ + cos θdφ is associated with the
time-like direction, yielding closed time-like curves. For |τ | > |τ2|, i.e., above the green curves,
sign(γψψ, γθθ) = (+,+), and so the effective metric picks up a Lorentzian signature, with τ being
the time-like direction. From (5.16), a τ−slice is a 3-sphere. Restricting to positive τ , this region
with Lorentzian signature has an initial singularity, and so describes a open space-time cosmology,
which we next show, is expanding.
No signature change in the effective metric results from the solution (5.11).
5.1.3 Expansion
From the deformed CP 1,1 and CP 0,2 solutions we found regions in parameter space where the effective
metric has a Lorentzian signature, and possessed an initial singularity. Any time (τ) - slice is a three-
sphere, or more precisely, a Berger sphere. These examples correspond to space-time cosmologies with
a big bang. To show that they are expanding we introduce a spatial scale a(|τ |). We define it as the
cubed root of the three-volume at any τ−slice
a(|τ |)3 =
∫
S3
√
|det γ(3)| dθdφdψ , (5.22)
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where γ(3) denotes the effective metric on the τ−slice. From the form of the metric tesnor, det γ(3) =
γψψ (γθθ sin θ)
2, and since γψψ and γθθ only depend on τ . Then
a(|τ |)3 = (4pi)2
√
|γψψ| |γθθ| (5.23)
We wish to determine how the spatial scale evolves with respect to the proper time t in the co-moving
frame
t(τ) =
∫ τ
τ0
√
−γττ (τ ′) dτ ′
=
∫ τ
τ0
|det γ(τ ′)| 14 |det Θ(τ ′)| 14 dτ ′ (5.24)
The lower integration limit τ0 corresponds to the value of τ at the big bang, i.e., the signature change.
We next compute and plot a(|τ |) versus t(τ) for the two cases, deformed CP 1,1 and deformed CP 0,2,
in the regions of Lorentzian signature:
1. Deformed CP 1,1. For the spatial volume, we get
a(|τ |)3 = (4pi)2 cosh3 τ | sinh τ | |µ2 cosh2 τ − sinh2 τ | 12
∣∣∣(µ2 + ν2 − 2) cosh2 τ sinh2 τ − 1∣∣∣ 14 ,
(5.25)
after substituting (5.14) and (5.17) into (5.23). For the proper time t(|τ |) in the co-moving frame
we get
t(τ) = 2
∫ τ
τ0
|µ2 cosh2 τ ′ − sinh2 τ ′|
1
2
∣∣∣(µ2 + ν2 − 2) cosh2 τ ′ sinh2 τ ′ − 1∣∣∣ 14 dτ ′ , (5.26)
and τ0 is associated with the signature change, given by sinh
2 2τ0 =
4
(µ2+ν2−2) . It corresponds
to value of τ at the initial singularity, where from (5.25), the spatial scale vanishes. In figure 6(a)
we plot a(|τ |) versus t(τ) for regions of deformed CP 1,1 where the effective metric has Lorentzian
signature, using three values of β˜. It shows a very rapid expansion near the origin. For τ close
to τ0, (5.25) and (5.26) give a ∼ (τ − τ0) 112 and t ∼ (τ − τ0) 54 . Hence, a ∼ t 115 . For large τ , a is
linear in t. The same large distance behavior was found for solutions in [13].
2. For deformed CP 0,2, (5.23) gives
a(|τ |)3 = (4pi)2 | sinh τ |3 cosh τ |µ2 sinh2 τ − cosh2 τ | 12
∣∣∣(µ2 + ν2 − 2) cosh2 τ sinh2 τ − 1∣∣∣ 14 , (5.27)
after using (5.15) and from (5.20). (5.24) gives
t(τ) = 2
∫ τ
τ0
|µ2 sinh2 τ ′ − cosh2 τ ′|
1
2
∣∣∣(µ2 + ν2 − 2) cosh2 τ ′ sinh2 τ ′ − 1∣∣∣ 14 dτ ′ (5.28)
Again, the initial value τ0 for τ is associated with a signature change, now satisfying coth
2 τ0 = µ
2.
It corresponds to a big-bang singularity, and from (5.27), a(|τ0|) = 0. In figure 6(b) we plot a(|τ |)
versus t(τ) for regions of deformed CP 0,2 where the effective metric has Lorentzian signature,
using three values of β˜. It too shows a rapid expansion near the origin. For τ close to τ0, (5.27)
and (5.28) give a ∼ (τ − τ0) 16 and t ∼ (τ − τ0) 32 . Hence, a ∼ t 19 . As with the case of deformed
CP 1,1 and [13], a ∼ t for large τ .
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Figure 6: a(|τ |) versus t(τ) for regions of deformed CP 1,1 (subfigure a) and deformed CP 0,2 (subfigure
b) where the effective metric has Lorentzian signature (and τ is the time-like direction) for β˜ = −3 (red
curve), −.595 (green curve) and 14 (purple curve).
5.2 Deformed CP 2
We now look for solutions to the previous eight-dimensional matrix model which are deformations of non-
commutative CP 2. CP 2 is a solution to an eight-dimensional matrix model in a Euclidean background.
In [12], such solutions were found when the background metric was changed to diag(+,+,+,+,+,+,+,−).
Here we show that deformations of non-commutative CP 2 solve the matrix model with the indefinite
metric (4.9), and that they may be associated with multiple signature changes.
We once again assume that the three complex coordinates zi satisfy the constraint (4.4), but now
that the indices are raised and lowered with the three-dimensional Euclidean metric. The Poisson
brackets that arise from the commutative limit of fuzzy CP 2 are (4.6) [now, assuming the Euclidean
metric] [12]. We replace the su(2, 1) Gell-Mann matrices λ˜a in (5.5) by su(3) Gell-Mann matrices λa,
i.e.,
x1−3 = µ z∗i [λ1−3]
i
jz
j
x4−7 = z∗i [λ4−7]
i
jz
j
x8 = ν z
∗
i [λ8]
i
jz
j , (5.29)
Now substitute this ansatz into the equations of motion (5.3) to get the following conditions on the
parameters
(2µ− α)
(
µ2 − 1
2
)
+ 3µβ˜ = 0
µ2 + ν2 − 2− α(µ+ ν) + 4β˜ = 0
2ν(β˜ − 1) + α = 0 , (5.30)
which differs from (5.6) in various signs. We can obtain (5.30) by making the replacement (α, β˜, µ, ν)→
(iα,−β˜, iµ, iν) in (5.6). To obtain a solution to (5.30), we can then make the same replacement in the
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solution (5.7). The result is
α = 2µ
β˜2 + β˜ − 1− γ[−β˜]
−2β˜ + 1 µ =
√
β˜3 + 4β˜2 − 6β˜ + β˜γ[−β˜] + 2
2(β˜2 − 4β˜ + 2) ν =
α
2(1− β˜) , (5.31)
where γ[β˜] was defined in (5.8). The parameters µ, ν, and α (and necessarily, γ[−β˜]) are all real only
for the following two disconnected intervals in β˜:
i) .325 . β˜ . .586 ii) 3.41 . β˜ (5.32)
5.2.1 Induced metric
The metric induced from the flat background metric (4.9) onto the surface spanned by (5.29) is
ds2 = dxadxa = −ds2FS +
(
1 +
1
µ2
)
(dx21 + dx
2
2 + dx
2
3) +
(
1 +
1
ν2
)
dx28 , (5.33)
where ds2FS denotes the Fubini-Study metric
ds2FS =
8∑
a=1
(
d(z†λaz)
)2
= 4(|dz|2 − |z†dz|2) (5.34)
Here we introduce the notation |dz|2 = dz∗i dzi, z†dz = z∗i dzi and z†λaz = z∗i [λa]ijzj . Then (5.33)
becomes
ds2 = −4(|dz|2 − |z†dz|2)
+ 4(µ2 + 1)(|z1|2 + |z2|2)(|dz1|2 + |dz2|2) + (µ2 + 1)(z∗1dz1 + z∗2dz2 − z1dz∗1 − z2dz∗2)2
+
1
3
(ν2 + 1)(z∗1dz1 + z
∗
2dz2 − 2z∗3dz3 + z1dz∗1 + z2dz∗2 − 2z3dz∗3)2 (5.35)
Next introduce local coordinates (ζ1, ζ2) defined in (4.18), now satisfying |ζ1|2 + |ζ2|2 + 1 = |z3|−2.
Then
ds2 = −4(z3)2
(
|dζ1|2 + |dζ2|2 − (z3)2|Ξ|2
)
+ 4(µ2 + 1)(1− (z3)2)
(
(dz3)
2
( 1
(z3)2
− 1
)
+ (z3)
2(|dζ1|2 + |dζ2|2) + z3dz3(Ξ∗ + Ξ)
)
+ (µ2 + 1)
(
(z3)
2(Ξ− Ξ∗)
)2
− (ν2 + 1)
(
2z3dz3
)2
,
(5.36)
where we again chose z3 to be real, and defined Ξ = ζ
∗
1dζ1 + ζ
∗
2dζ2. We introduce Euler-like angles
(θ, φ, ψ), along with τ , which now is an angular variable, 0 ≤ τ < pi2 , using
ζ1 = e
i
2 (ψ+φ) cos
θ
2
tan τ ζ2 = e
i
2 (ψ−φ) sin
θ
2
tan τ (5.37)
It then follows that (z3)
2 = cos2 τ . The induced invariant interval again takes the Taub-NUT form
(4.23), with the non-vanishing matrix elements
gττ = 4
(
−1 + (µ2 − ν2) sin2 τ cos2 τ
)
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Figure 7: Signature changes in the induced metric gµν and effective metric γµν for deformed CP
2 are
given in the plot of τ versus β˜ in the region ii) 3.41 . β˜. A sign change in gθθ or γθθ is indicated by
the green curve. Sign changes in gττ or γψψ are indicated by the red and blue curves.
gθθ = sin
2 τ (− cos2 τ + µ2 sin2 τ)
gψψ = − sin2 τ cos2 τ , (5.38)
along with gφφ = gψψ cos
2 θ + gθθ sin
2 θ and gψφ = gψψ cos θ. The induced metric has Euclidean
signature for τ close to zero. A sign change in gθθ occurs for tan τ =
1
|µ| . If µ
2− ν2 > 14 , two additional
signature changes occur in the induced metric for the domain 0 < τ < pi2 . Specifically, gττ changes sign
when sin 2τ = 2√
µ2−ν2 . We find numerically, that µ
2 < ν2 for solutions (5.7) with β˜ in the region i) in
(5.32), and that µ2 > ν2 in the region ii). So only one signature change occurs when β˜ has the values
in i). It is a change from the Euclidean signature to one where the induced metric has two space-like
directions and two time-like directions.
On the other hand, three signature changes can occur when β˜ has values in ii). They are plotted as
a function of β˜ in figure seven. A sign change in gθθ is indicated by the green curve, and sign changes
in gττ are indicated by the red and blue curves. The induced metric has Euclidean signature below
the red curve. In the tiny intermediate region between the red and green curves, the induced metric
has two-space-like directions and two time-like directions. It has Lorentzian signature in the other
intermediate region between the green and blue curves, with dψ + cos θdφ time-like. Above the blue
curve, the induced metric again has two-space-like directions and two time-like directions.
5.2.2 Effective metric
We next use (4.29) to compute the effective metric γµν for deformed CP
2. Starting with the canonical
Poisson brackets (4.6), we now obtain the following results for the nonvanishing components of the
symplectic matrix [Θµν ]:
Θτψ =
1
sin τ cos τ
Θθψ =
2 cot θ
sin2 τ
Θθφ = −2 csc θ
sin2 τ
(5.39)
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Computing determinants, we get
det Θ =
4 csc2 θ
cos2 τ sin6 τ
|det γ||det Θ| = |det g||det Θ| = 4|gττ | (cos2 τ − µ2 sin2 τ)2 (5.40)
As a result, the nonvanishing components of the effective metric tensor are
γττ√|det γ||det Θ| = −1
γθθ√|det γ||det Θ| = 14(µ2 − cot2 τ)
γψψ√|det γ||det Θ| = 14(µ2 − ν2 − sec2τ csc2τ) , (5.41)
in addition to γφφ = γψψ cos
2 θ + γθθ sin
2 θ and γψφ = γψψ cos θ. As with the deformed CP
1,1 and
CP 0,2 solutions, signature changes in the effective metric coincide with signature changes in the induced
metric. So like with the induced metric, the effective metric undergoes only one signature change when
β˜ has the values in i). It is a change from the Euclidean signature to one where the effective metric has
two space-like directions and two time-like directions.
Also like with the induced metric, the effective metric undergoes three signature changes when β˜
has the values in ii), which are indicated in figure seven. A sign change in γθθ occurs for tan τ =
1
|µ|
(indicated by the green curve in the figure), and sign changes in γψψ occur at sin 2τ =
2√
µ2−ν2 (indicated
by the red and blue curves in the figure). The effective metric has Euclidean signature below the red
curve. In the tiny intermediate region between the red and green curves, the effective metric, like
the induced metric, has two-space-like directions and two time-like directions. The effective metric
has Lorentzian signature in the intermediate region between the green and blue curves, with τ being
time-like. Above the blue curve, the induced metric has two-space-like directions and two time-like
directions.
For the Lorentzian region, which we found between the green and blue curves in figure seven, the
effective metric describes a closed space-time cosmology. For a fixed β˜ with values in ii), the sign
changes in γψψ, depicted as red and blue curves in figure seven, correspond to space-time singularities.
We denote the values of τ at these singularities by τ0 and τ1, with τ0 < τ1. Which one of these is the
initial singularity, and which one is the final singularity, of course, depends on the direction of time.
We obtain the time evolution of the spacial scale for this region in the next subsection.
5.2.3 Expansion and contraction
In the previous section, we saw that the effective metric for deformed CP 2 can have Lorentzian signature
when β˜ has the values in ii). In this case, τ is the time-like coordinate, and it evolves from one signature
change to another. From (5.37), |ζ1|2 + |ζ2|2 = tan2 τ , and so, like with the deformed CP 1,1 and CP 0,2
solutions, a τ -slice of the four-dimensional manifold away from singularities is a three-sphere, or more
precisely, a Berger sphere. We can compute the spatial scale a(|τ |) at any τ−slice and proper time t
in the co-moving frame for the deformed CP 2 solution, using (5.23) and (5.24), respectively. For the
former, we get
a(|τ |)3 = (4pi)2 | sin4 τ cos τ | | cot2 τ − µ2| 12 |(µ2 − ν2) sin2 τ cos2 τ − 1| 14 (5.42)
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Figure 8: a(τ) versus t(τ) for the region of deformed CP 2 where the effective metric has Lorentzian
signature, for β˜ = 3.5 (red curve), 3.75 (green curve) and 5 (purple curve).
It follows that the spatial scale vanishes at the signature changes, which are associated with the cos-
mological singularities. For the latter, (5.24) gives
t(τ) = 2
∫ τ
τ0
dτ ′ | cos2 τ ′ − µ2 sin2 τ ′| 12
∣∣∣(µ2 − ν2) sin2 τ ′ cos2 τ ′ − 1∣∣∣ 14 (5.43)
The lower integration limit τ0 corresponds to the value of τ at the coordinate singularity defined by
sin 2τ0 =
2√
µ2−ν2 , τ0 <
pi
4 , corresponding to the sign change in γψψ. In figure eight, we plot a(τ) versus
t(τ) for three values of β˜ in region ii). For τ close to τ0, we get a ∼ (τ − τ0) 112 , t ∼ (τ − τ0) 54 , and
hence, a ∼ t 115 . We find identical behavior near the other singularity at τ = τ1. We thus get a very
rapid initial expansion and a very rapid final contraction.
6 Conclusions
We have obtained a number of new solutions to IKKT-type matrix models, which exhibit signature
change in the commutative limit. All such examples found so far, including the non-commutative H4
solution of [13], require including a mass term in the matrix action. Since mass terms result from an IR
regularization,[16] it is interesting to speculate whether signature change on the brane is connected to
the regularization. On the other hand, we remark that the mass term resulting from the regularization
does not necessarily lead to signature change, since we have obtained solutions to the massive matrix
model which exhibit no signature change in the commutative limit. For example, no sign changes
occur in either the induced metric or effective metric for deformed CP 0,2 when −1 < β˜ . −0.746 and
−0.603 . β˜ ≤ −.6 . Moreover, our work does not rule out the possibility of solutions to a massless
matrix model which exhibit signature change in the commutative limit.
The four-dimensional solutions of section five are deformations of non-commutative complex pro-
jective spaces, specifically non-commutative CP 2, CP 1,1 and CP 0,2. The manifolds that emerge from
these solutions can have multiple signature changes. The manifolds resulting from deformed non-
commutative CP 0,2 solution can undergo two signature changes, while those resulting from deformed
non-commutative CP 2 solution can have up to three signature changes. The regions where the effec-
tive metric of these manifolds have Lorentzian signature serve as crude models of closed (in the case
of non-commutative CP 2) and open (in the case of non-commutative CP 1,1 and CP 0,2) cosmological
space-times. They contain cosmological singularities that are resolved away from the commutative
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limit. The evolution of the spatial scale a as a function of the proper time t in the co-moving frame
was computed for these examples. For all examples (and also the example of non-commutative H4 in
[13]) an extremely rapid expansion (or contraction, in case of the big crunch singularity of the closed
cosmology) was found for the spacial scale a near the cosmological singularities. Rather than following
an exponential behavior, we obtained a ∼ t 115 near t = 0 for non-commutative CP 2 and CP 1,1, and
a ∼ t 19 for non-commutative CP 0,2. Also like non-commutative H4,[13] the space-times emerging from
the deformed non-commutative CP 1,1 and CP 0,2 solutions expand linearly at late times, a ∼ t.
Unlike the space-time manifold that emerges from non-commutative H4,[13] the manifolds that
emerge from non-commutative CP 2, CP 1,1 and CP 0,2 are not maximally symmetric. For the latter
manifolds, any time slice of the space-time is a Berger sphere. Although being, perhaps, less realistic
than non-commutative H4 with regards to cosmology, the examples of non-commutative CP 2, CP 1,1
and CP 0,2 are considerably simpler spaces than non-commutative H4, with evidently similar outcomes
for the evolution of the spatial scale. Non-commutative H4 carries an additional bundle structure, that
is not present for the solutions of section five. In order to close the algebra on non-commutative H4,
one must extend it to a larger non-commutative space. That space is non-commutative CP 1,2. In the
commutative limit, one recovers the CP 1,2 manifold, an S2 bundle over AdS4.
The eight-dimensional matrix model considered in sections four and five utilized a particular in-
definite background metric η, the su(2, 1) Cartan-Killing metric. Other indefinite background metrics
can be considered. η=diag(+,+,+,+,+,+,+,−) was used in [12], to obtain non-commutative CP 2
solutions. We can preserve SO(3) rotational symmetry with a generalization of the background metric
to η=diag(κ3, κ3, κ3,−,−,−,−, κ8), κ3, κ8 = ±. (We exclude κ3 = κ8 = −, since this will only produce
a Euclidean induced and effective metric.) If for example, we search for deformed CP 1,1 and CP 0,2
solutions to the matrix equations (5.3) with this metric, then the conditions (5.6) generalize to
(2µ− α)
(
µ2κ3 +
1
2
)
+ 3µβ˜ = 0
µ2κ3 + ν
2κ8 + 2− α(µκ3 + νκ8) + 4β˜ = 0
2ν − α+ 2νβ˜ = 0 (6.1)
where we again assumed the ansatz (5.5). Solutions for different choices of κ3 and κ8 may be found,
although they may be quite nontrivial, and many more four-dimensional signature changing manifolds
are expected to emerge in the commutative limit.
In this article we have neglected stability issues, and the addition of fermions. The question of stable
solutions to matrix models is highly non-trivial. For two-dimensional solutions it was found previously
that longitudinal and transverse fluctuations contribute with opposite signs to the kinetic energy. It is
unclear how the extension to a fully supersymmetric theory can resolve this issue. We hope to address
such questions in the future.
Appendix A Some properties of su(2, 1) in the defining rep-
resentation
In terms of su(3) Gell-Mann matrices λa, the su(2, 1) Gell-Mann matrices λ˜a are given by
λ˜a = λa , a = 1, 2, 3, 8
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λ˜a′ = iλa′ , a
′ = 4, 5, 6, 7 (A.1)
They satisfy the hermiticity properties (4.7).
The structure constants for su(2, 1) are C cab = f˜abdη
dc, where ηab is the Cartan-Killing metric (4.9),
and f˜abc are totally antisymmetric, with the nonvanishing values
f˜123 = 1 f˜845 = f˜867 = −
√
3
2
f˜147 = f˜165 = f˜246 = f˜257 = f˜345 = f˜376 = −1
2
(A.2)
Except for f˜123 these structure constants are opposite in sign from those obtained from the standard
Gell-Mann matrices of su(3).
Some useful identities for the su(2, 1) Gell-Mann matrices and f˜abc are
tr λ˜aλ˜b = [λ˜a]
i
j [λ˜b]
j
i = 2ηab , (A.3)
[λ˜a, λ˜b]+ = 2d˜abcλ˜
c +
4
3
ηab1l (A.4)
f˜abcf˜
bc
d = 3ηad (A.5)
[λ˜a]ij [λ˜a]
k
` = 2δ
i
`δ
k
j −
2
3
δijδ
k
` (A.6)
[ , ]+ denotes the anti-commutator, and d˜abc are totally symmetric, with the nonvanishing values
d˜443 = d˜553 = d˜146 = d˜157 = d˜256 = −1
2
d˜663 = d˜773 = d˜247 =
1
2
d˜118 = d˜228 = d˜338 =
1√
3
d˜448 = d˜558 = d˜668 = d˜778 =
1
2
√
3
d˜888 = − 1√
3
(A.7)
(A.6) is the Fierz identity, which has the same form as that for su(3).
Appendix B Effective metric
Here we review the derivation of (4.29), relating the effective metric γµν to the induced metric gµν .
We use the example of the massless scalar field.[15] We then apply the result to compute the effective
metrics for (undeformed) CP 1,1 and CP 0,2.
Denote the scalar field by Φ = Φ(X) on a non-commutative background spanned by matrices Xa.
The standard action is
− 1
2k2
Tr[Xa,Φ][X
aΦ] , (B.1)
a = 1, 2, ..., d. Now take the semi-classical limit ~ → 0. This means again replacing matrices Xa by
commuting variables xa, corresponding to embedding coordinates of some continuous manifold. Φ is
then replaced by a function φ on the manifold, and commutators are replaced by i~ times Poisson
brackets. We also need to replace the trace by an integration
∫
dµ(x), where dµ(x) is an invariant
integration measure. Say that the manifold is parametrized by σ = (σ1, σ2, ..., σn), n ≤ d, with
symplectic two-form Ω = 12 [Θ
−1]µν dσµ ∧ dσν . Then one can set dµ(x) = dσ√| det Θ| . Taking k → ~κ, the
semi-classical limit of (B.1) is
− 1
2κ2
∫
dσ√|det Θ| {xa, φ}{xa, φ}
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= − 1
2κ2
∫
dσ√|det Θ| Θρµ∂ρxa∂µφ Θσν∂σxa∂νφ
= − 1
2κ2
∫
dσ√|det Θ| ΘρµgρσΘσν ∂µφ∂νφ (B.2)
On the other hand, the standard action of a scalar field φ on a background metric γµν is
− 1
2κ2
∫
dσ
√
|det γ|γµν∂µφ∂νφ (B.3)
Identifying these two actions gives (4.29).
As examples, we compute the effective metrics for (undeformed) CP 1,1 and CP 0,2, and show that
they are identical to the corresponding induced metrics.
1. Effective metric for CP 1,1 . Using (4.25), the nonvanishing components Θµν for CP 1,1 are
Θτψ =
1
cosh τ sinh τ
Θθψ =
2 cot θ
cosh2 τ
Θθφ = − 2 csc θ
cosh2 τ
(B.4)
Then
det Θ =
4 csc2 θ
sinh2 τ cosh6 τ
|det γ| = 4 cosh6 τ sinh2 τ sin2 θ (B.5)
Computing ΘT gΘ we find the following nonvanishing components
[ΘT gΘ]ττ = −1 [ΘT gΘ]θθ = 4
cosh2 τ
[ΘT gΘ]φφ =
4 csc2 θ
cosh2 τ
[ΘT gΘ]ψψ =
4(cot2 θ − csch2τ)
cosh2 τ
[ΘT gΘ]φψ = −4 cot θ csc θ
cosh2 τ
(B.6)
Using (4.29) and (B.5), we then get γµν = gµν .
2. Effective metric for CP 0,2 . Using (4.28) the nonvanishing components Θµν for CP 0,2 are
Θτψ =
1
cosh τ sinh τ
Θθψ =
2 cot θ
sinh2 τ
Θθφ = − 2 csc θ
sinh2 τ
(B.7)
Here
det Θ =
4 csc2 θ
sinh6 τ cosh2 τ
|det γ| = 4 cosh2 τ sinh6 τ sin2 θ (B.8)
The nonvanishing components of ΘT gΘ are
[ΘT gΘ]ττ = −1 [ΘT gΘ]θθ = −4
sinh2 τ
[ΘT gΘ]φφ =
−4 csc2 θ
sinh2 τ
[ΘT gΘ]ψψ =
−4(cot2 θ + sech2τ)
sinh2 τ
[ΘT gΘ]φψ =
4 cot θ csc θ
sinh2 τ
(B.9)
Using (4.29) and (B.8), we once again get γµν = gµν .
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